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Some existence theorems are known for coupled quasi-fixed points of nonlinear
w xmixed monotone operators from a k-fold conical segment u , ¨ into a real0 0
Banach space, where k s 1 or 2. In this note, we extend those results to an
arbitrary but finite k by a simple but nontrivial iterative mechanism. Interestingly
enough, for mixed monotone operators with k G 3 folds, the Lipschitz condition
ensuring the uniqueness of their fixed points is as simple as the cases of k F 2.
Q 1996 Academic Press, Inc.
1. INTRODUCTION
Let E be a real Banach space which has been partially ordered by a
cone P ; E, i.e., x F y if y y x g P for x, y g E. Let operator A : D1
= ??? = D ª E. A is said to be mixed monotone if A is either increasingk
 .or decreasing in each of its k arguments. A is increasing decreasing in its
1  . 2  1.  2 .jth argument if x G F x , which implies A y, x G A y, x for allÄ Äj j j j
k  .y g  D here we abuse a little the notations . Results of mixedÄ i/ j i
monotone operators have been applied to, for instance, the field of initial
value problems of ordinary differential equations with discontinuous
w xright-hand sides 2 . Among them, existence theorems of coupled quasi-
 .fixed points to be defined in Section 2 for mixed monotone operators
play a crucial role in such a setting. For the cases of k s 1 and k s 2,
existence theorems of such coupled quasi-fixed points, under various
w xconditions, have been documented in the literature 3 . In this note, we
extent those results to any finite k G 3. We shall show that our iterative
scheme is simple but nontrivial for those purposes.
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 w x.Several background definitions see for instance, Chapter 1 of 3 are
needed. Cone P is normal if there exists a constant N ) 0 such that
5 5 5 5u F x F y implies x F N y , where u denotes the zero element of E.
Here, N is called the normal constant for P. One equivalent condition for
 . w x normality is that every order interval conical segment x, y s z g E ¬ x
4F z F y is bounded. Cone P is regular if every nondecreasing and
 4bounded above in order sequence x ; E has a limit. It is known thatn
regularity implies normality. Cone P is said to be strongly minihedral if
sup D exists for any bounded above in order set D ; E. Cone P is
 4  4minihedral if sup x, y exists for any pair x, y , which is bounded in order.
2. MAIN RESULTS
w xIn the following, let D s u , ¨ and A : D = ??? = D ª E, where0 0 1 k
D s D for each i. We shall consider similar fixed points results for anyi
arbitrary k G 1 as A is mixed monotone. Without loss of generality, we
assume that A is increasing in each of the first m arguments, while
decreasing in each of the rest of the arguments. For instance, m s 3 and
k s 5 mean that A is increasing in its first, second, and third arguments,
respectively, while decreasing in the fourth and fifth arguments, respec-
tively.
DEFINITION 2.1. Let B : D = ??? = D ª E, where D s D ; i, be1 k i
 .mixed monotone. x, y g D = D is a coupled quasi-fixed point of B if
x s B s , . . . , s and y s B sX , . . . , sX , .  .1 k 1 k
where
s s x and sX s y if B is increasing in the ith argument;i i
X s s y and s s x if B is decreasing in the ith argument.i i
THEOREM 2.1. Let D s D ; i and A : D = ??? = D ª E, with thei 1 k
properties that
u F A x , . . . , x , x , . . . , x and .0 1 m mq1 k
1 .
X X X X¨ G A x , . . . , x , x , . . . , x , .0 1 m mq1 k
where x s u , xX s ¨ and x s ¨ , xX s u for 1 F i F m and m q 1 F ji 0 i 0 j 0 j 0
F k, respecti¨ ely. Suppose that one of the following two conditions holds:
 .H1 P is normal and A is completely continuous,
 .H2 P is regular and A is quasi-continuous; i.e., if x ª x and y ª yn n
strongly imply that
A x , . . . , x , y , . . . , y ª A x , . . . , x , y , . . . , y weakly, .  .n n n n
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 U U .then A has a coupled quasi-fixed point u , ¨ , i.e.,
A uU , . . . , uU , ¨U , . . . , ¨U s uU and .
A ¨U , . . . , ¨U , uU , . . . , uU s ¨U , .
where uU appears in the first m arguments while ¨U appears for the rest of the
arguments in the first equality, and ¨U appears in the first m arguments of A
and uU for the rest of the arguments in the second equality. Here uU F ¨U and
U U .for any other coupled quasi-fixed point x, y of A, we ha¨e u F x F ¨ and
U Uu F y F ¨ . Moreo¨er,
uU s lim u and ¨U s lim ¨ , 2 .n n
nª` nª`
 . where u s A u , . . . , u , ¨ , . . . , ¨ and ¨ s A ¨ , . . . , ¨ ,n ny1 ny1 ny1 ny1 n ny1 ny1
.u , . . . , u for n s 1, 2, . . . , andny1 ny1
u F u F ??? F u F ??? F ¨ F ??? F ¨ F ¨ . 3 .0 1 n n 1 0
 . Proof. Let u s A u , . . . , u , ¨ , . . . , ¨ and ¨ s A ¨ , . . . , ¨ , u ,1 0 0 0 0 1 0 0 0
.. . . , u . Then u F u F ¨ F ¨ . Define0 0 1 1 0
u s A u , . . . , u , ¨ , . . . , ¨ 4 .  .nq1 n n n n
¨ s A ¨ , . . . , ¨ , u , . . . , u . 5 .  .nq1 n n n n
Suppose that u F u F ¨ F ¨ , then, by virtue of the mixed-mono-ny1 n n ny1
 .tonicity of A, u F u F ¨ F ¨ . Hence we obtain Eq. 3 . We shalln nq1 nq1 n
show that u converges to uU g E.n
 . Case 1. If H1 holds, then we have that the set u , . . . , u , . . . , ¨ ,0 n 0
4. . . , ¨ , . . . is bounded. This is because P is normal. And hence, by virtuen
 4of the complete continuity of A, the set u , . . . , u , . . . is relatively1 n
 4  4compact. There exists a subsequence u ; u which converges ton nk
uU g E. Clearly, u F uU F ¨ for each n s 1, 2, . . . . When t ) n , wen n k
U U 5 U 5 5 U 5have u F u y u F u y u . Hence, u y u F N u y u , where Nt n t nk k
is the normal constant of P. Thus u ª uU as t ª `. Similarly, we cant
have ¨ ª ¨U.n
 .  . U UCase 2. If H2 holds, then 3 implies that u ª u and ¨ ª ¨n n
because of the regularity of P.
Since A is quasi-continuous in both cases, u s A u , . . . , u , ¨ , . . . ,nq1 n n n
.  .  U U¨ and ¨ s A ¨ , . . . , ¨ , u , . . . , u converge weakly to A u , . . . , u ,n nq1 n n n n
U U .  U U U U .¨ , . . . , ¨ and A ¨ , . . . , ¨ , u , . . . , u , respectively. Hence, by taking
 .  .n ª ` on both sides of Eqs. 4 and 5 , we obtain
uU s A uU , . . . , uU , ¨U , . . . , ¨U and .
¨U s A ¨U , . . . , ¨U , uU , . . . , uU . .
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 U U .That is, u , ¨ is a coupled quasi-fixed point of A. And obviously
uU F ¨U.
 .Now let x, y be any other coupled quasi-fixed point of A. Then
x s A x , . . . , x , y , . . . , y and y s A y , . . . , y , x , . . . , x . .  .
Because u F x F ¨ and u F y F ¨ , we then have0 0 0 0
u F x F ¨ and u F y F ¨ ,1 1 1 1
and in general,
u F x F ¨ and u F y F ¨ .n n n n
Hence
U U U Uu F x F ¨ and u F y F ¨ .
This completes the proof.
 .It is easy to see that if x is a fixed point of A, then x, x is a coupled
quasi-fixed point of A. Hence, uU and ¨U can be viewed as a lower bound
and an upper bound of x, respectively. Note that when k s 1, this theorem
w xreduces to Theorem 2.1.1 in 3 except A is condensing in their theorem.
In fact, when k s 1, the assumption ``condensing'' can be further relaxed
to ``semi-condensing.'' An operator B : D ; E ª E is semi-condensing if it
  ..  .is semi-continuous, bounded, and r B S - r S for any bounded set
 .  .S ; D with r S ) 0, where r S denotes the measure of noncompactness
w x w xof S 1 . For k s 2, our theorem becomes Theorem 2.1.7 in 3 .
THEOREM 2.2. Let the conditions of Theorem 2.1 hold. Suppose there
exists 0 - a - 1 such that
5 5 5 5A x , . . . , x , y , . . . , y y A y , . . . , y , x , . . . , x F a x y y .  .
; x , y g D. 6 .
Then, A has exactly one fixed point x in D.
 .Proof. We employ here the same symbols in Theorem 2.1. It follows
 .from 6 that
5 5 5 5¨ y u s A ¨ , . . . , ¨ , u , . . . , u y A u , . . . , u , ¨ , . . . , ¨ .  .nq1 nq1 n n n n n n n n
5 5F a ¨ y un n
for each n s 1, 2, . . . . Hence,
5 5 n 5 5¨ y u F a ¨ y u ª 0 as n ª `.nq1 nq1 1 1
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U UWe then have x [ ¨ s u . Note that x is a fixed point of A. And, by
Theorem 2.1, x is the unique fixed point of A.
 .It is easy to see that, as k s 1, condition 6 represents the traditional
Lipschitz condition for contractive mappings. The merit of our easy itera-
 .  .tive schemes 4 and 5 is especially revealed in such a Lipschitz condition:
 .For a mixed monotone operator A with k G 3 arguments, the corre-
sponding Lipschitz condition is equivalent to the case of k s 2. This can
 .be seen from the fact that only two arguments x and y matter in 6 .
For our convenience, we showed only the case where A is increasing in
each of its first m arguments, while decreasing in each of the rest of the
arguments in our theorems. In fact, the idea is to pay attention to which
argument A is increasingrdecreasing. For example, operator A is increas-
ing in its first, third, and fifth arguments, respectively, while decreasing in
its second and fourth arguments, respectively. Then we simply put u snq1
 .  .A u , ¨ , u , ¨ , u and ¨ s A ¨ , u , ¨ , u , ¨ . The coupled quasi-n n n n n nq1 n n n n n
 U U .fixed point u , ¨ shall satisfy
uU s A uU , ¨U , uU , ¨U , uU and ¨U s A ¨U , uU , ¨U , uU , ¨U . .  .
The Lipschitz condition becomes
5 5 5 5A x , y , x , y , x y A y , x , y , x , y F a x y y ; x , y g D. .  .
In the following theorem, we won't assume the continuity of A.
THEOREM 2.3. Let u , ¨ g E and u - ¨ . Suppose P is strongly minihe-0 0 0 0
w xk  .dral and A : u , ¨ ª E is a mixed monotone operator such that 1 holds.0 0
 U U . U UThen A has a coupled quasi-fixed point u , ¨ with u F ¨ . Moreo¨er, for
U U .any other coupled quasi-fixed point x, y of A, we ha¨e u F x F ¨ , and
U Uu F y F ¨ .
Proof. Without loss of generality, we assume that A is increasing in
each of its m first arguments and decreasing in each of the rest of the
X w x w xarguments. Define A : u , ¨ = u , ¨ ª E by0 0 0 0
X w x w xA x , y s A x , . . . , x , y , . . . , y ,
where x appears in the place of the first m arguments of A while y in the
rest of the k y m arguments. Thus we have
X w x X w xu F A u , ¨ and A u , ¨ F ¨ .0 0 0 0 0 0
w x XIt follows from Theorem 2.1.8 of 3 that A has a coupled quasi-fixed
XU U .  .point u , ¨ such that for any coupled quasi-fixed point x, y of A , we
U U U Uhave u F x F ¨ and u F y F ¨ . Note that a coupled quasi-fixed point
Xof A is that of A , and vice versa. The result follows.
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Remark. In fact, uU and ¨U in Theorem 2.3 can be stated more
explicitly. Define
kw x w xD s x , . . . , x , y , . . . , y g u , ¨ : A x , . . . , x , y , . . . , y G x , . 0 0
w xA y , . . . , y , x , . . . , x F y .4
 .   .Then 1 implies that D is nonempty. Let D s x : x, . . . , x, y, . . . , y g D1
4   . 4for some y and D s y : x, . . . , x, y, . . . , y g D for some x . Then2
¨U s sup D and uU s inf D ; this can be seen from similar arguments as1 2
w xthe proof of Theorem 2.1.8 of 3 .
w xkTHEOREM 2.4. Let u , ¨ g E, u - ¨ , and A : u , ¨ ª E be a mixed0 0 0 0 0 0
 . w xk .monotone operator such that 1 holds. Suppose that A u , ¨ is a0 0
 U U .relati¨ ely compact set of E. Then A has a coupled quasi-fixed point u , ¨ .
Proof. Similar to the arguments employed in Theorem 2.3, we can
X w x w xdefine A as the operator from u , ¨ = u , ¨ to E, which satisfies0 0 0 0
X w x X w xu F A u , ¨ and A u , ¨ F ¨ .0 0 0 0 0 0
Note that
2 kX w x w xA u , ¨ ; A u , ¨ , .  .0 0 0 0
Xw x2 .hence A u , ¨ is a relatively compact set of E. It follows from0 0
w x XTheorem 3 of 2 that A has at least one coupled quasi-fixed point. The
result follows.
w xkCOROLLARY 2.5. Let u , ¨ g E, u - ¨ , and A : u , ¨ ª E be a0 0 0 0 0 0
 .mixed monotone operator such that 1 holds. Suppose that P is normal and A
 U U .is compact. Then A has a coupled quasi-fixed point u , ¨ .
w xk .Proof. It suffices to show that A u , ¨ is relatively compact. This0 0
kw xfollows from the fact that u , ¨ is bound and A is compact.0 0
w xkTHEOREM 2.6. Let u , ¨ g E, u - ¨ , and A : u , ¨ ª E be a mixed0 0 0 0 0 0
 .monotone operator such that 1 holds. Suppose that P is minihedral and
w xk .A u , ¨ is relati¨ ely compact. Then A has a coupled quasi-fixed point0 0
 U U . U Uu ,¨ with u F ¨ . Moreo¨er, for any other coupled quasi-fixed point
U U U U .x, y of A, we ha¨e u F x F ¨ and u F y F ¨ .
Proof. The results follow similar arguments employed in Theorem 2.4
w x w xexcept ``Theorem 3 of 2 '' should be replaced by ``Theorem 4 of 2 .''
w xk .Note that, as Corollary 2.5, the condition `` A u , ¨ is relatively0 0
compact'' in Theorem 2.6 can be replaced by ``P is normal and A is
compact.''
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